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We impose a permutation symmetry S3 upon the two Higgs doublet extension of the SU(2) x U( 1) standard
model, and then break S3 symmetry spontaneously. A mass relation is obtained from which the mass of the top
quark is predicted to be 39 Gev at 1 Gev renormalization scale, if the relative strength between the coupling of
the first Higgs field with the up-type quarks is assumed to be the same as that with the down-type quarks. We
find that in our model the flavor changing neutral currents vanish automatically.
I. INTRODUCTION
It is generally believed that there are at least three gen-
erations of quarks. Among them only the top quark is still
illusive experimentally. A fundamental problem in particle
physics is the generation of both the mass spectrum of the
quarks and leptons and the related weak-mixing matrices
which represent the coupling strength of the weak charged
currents. In our earlier attack [1] on these problems, we
extended the permutation S3-group invariance of the standard
SU(2) x U(1) Lagrangian into its Higgs sector and found it
successful. Unfortunately the S3 breaking term was however
chosen quite artificially. In this article, we let S3 symmetry
break spontaneously; therefore S3 breaking ensues in a
natural way.
In order to achieve this objective, we here consider the
two Higgs-doublet extension of the standard model. Many
physicists [2] have suggested and investigated the two
Higgs doublet models, but they met the problem of the
non-vanishing flavor-changing neutral currents [3] (F.C.N.C.)
when they apply both Higgs doublets to the same type of
quark fields. Their method to avoid the F.C.N.C. problem was
to couple the different Higgs doublets separately to different
types of quark.
In our model of the two Higgs-doublet extension of the
standard model, we impose the permutation S3 symmetry in
the Lagrangian and then break it spontaneously. We find that
because the flavor changing neutral current is automatically
forbidden, there is no F.C.N.C. problem in our model.
There are three irreducible representations of S3 [4],
denoted by Γ1, Γ2 and Γ3 respectively. In this article, we
consider two different classifications for the two Higgs
doubles Φ1 and Φ2: (1) Φ1 belongs to the totally symmetric
representation Γ1 while Φ2 to the totally antisymmetric Γ
2;
(2) Φ1 and Φ2 belong to the two-dimensional representation
Γ
3. As for the quarks, we classify them according to the
three-dimensional reducible representation of S3 denoted
by Γ6 , which just corresponds to the obvious permutations
on the quark generations. The nonvanishing of the vacuum
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expectation values < Φ1 > in case 1 and < Φ1 > or < Φ2 >
in case 2 then produces the spontaneous S3 breaking. We
find that the first case gives a reasonably good prediction
of the mass of the top quark whereas the second case does
not. In the above classifications, no generation mixing
shows up. This lack suggests that more Higgs doublets [5]
or different classifications for right-handed quarks are needed.
In section 2, we impose S3 symmetry and obtain the rela-
tions among the coupling constants for case 1. In section 3,
the correspondingmass matrices are obtained, and the mass of
the top quark is predicted. In section 4, case 2 is considered.
In the concluding section, we discuss our work.
II. TWO HICGS-DOUBLET EXTENSION AND S3
SYMMETRY
In this section, we consider the two Higgs-doublet exten-
sion of the standard model under the S3 symmetry.
We add another SU(2) x U(1) scalar doublet, Φ2, to the
standard SU(2) x U( 1) model and let Φ2 have the same form
as Φ1 in the standard model.
Φ1 =
(
Φ
+
1
Φ
0
1
)
, Φ2 =
(
Φ
+
2
Φ
0
2
)
. (2.1)
As is shown in Appendix A, the vacuum expectation values
can be written as
< Φ1 >=
(
0
ρ1
)
/
√
2, < Φ2 >=
(
0
ρ2
)
/eiθ
√
2. (2.2)
in which both ρ1 and ρ2 are assumed to be positive and θ is
real. That θ does not vanish implies that the time-reversal
invariance is broken spontaneously.
We write the weak interaction Lagrangian as
L(q′,Φ) = q¯′
L
(Φ1g + Φ2g
′)q′dR + q¯
′
L
(Φ˜1h + Φ˜2h
′)q′uR + H.C.
= q¯′
L
Gq′dR + q¯
′
L
Hq′uR + H.C. (2.3)
in which
and g, g’ (h, h’) are the coupling constants of Higgs fields
to the down- (up-)type quark fields. The Φ˜k are given by
Φ˜k = (−iΦ+k · τ2)T (2.6)
2We assume that both Φ˜k are invariant under time reversal,
i.e, TΦkT
−1
= Φk, k = 1, 2. Then g, g’ (h and h’) must all be
real if Lint is T-invariant.
G =

g11Φ1 + g
′
11
Φ2 g12Φ1 + g
′
12
Φ2 g13Φ1 + g
′
13
Φ2
g21Φ1 + g
′
21
Φ2 g22Φ1 + g
′
22
Φ2 g23Φ1 + g
′
23
Φ2
g31Φ1 + g
′
31
Φ2 g32Φ1 + g
′
32
Φ2 g33Φ1 + g
′
33
Φ2
 , (2.4)
H =

h11Φ˜1 + h
′
11
Φ˜2 h12Φ˜1 + h
′
12
Φ˜2 h13Φ˜1 + h
′
13
Φ˜2
h21Φ˜1 + h
′
21
Φ˜2 h22Φ˜1 + h
′
22
Φ˜2 h23Φ˜1 + h
′
23
Φ˜2
h31Φ˜1 + h
′
31
Φ˜2 h32Φ˜1 + h
′
32
Φ˜2 h33Φ˜1 + h
′
33
Φ˜2
 . (2.5)
As the standard model is invariant under the permutation of
generations except for the Higgs sector, we simply extend
S3 symmetry to the Higgs sector; that is, we assume that the
Lagrangian is S3-invariant. We then study the properties of
the coupling constants under S3 symmetry. In this section,
we consider only the case that Φ1 is S3 symmetric (not
changing sign under transposition Pi j) and Φ2 is S3 totally
antisymmetric (changing sign under transposition Pi j).
We study the properties of G and H under S3 symmetry.
For convenience, we divide G and H into G′, G” and H′, H”
separately, so that G′ and H′ correspond to Φ1 and G” and
H” to Φ2.
(1) Under the transposition Pi j:
P23GP
−1
23 =

G′
11
− G”11 G′13 − G”13 G′12 − G”12
G′
31
− G”31 G′33 − G”33 G′32 − G”32
G′
21
− G”21 G′23 − G”23 G′22 − G”22
 (2.7)
P12GP
−1
12 =

G′
22
− G”22 G′21 − G”21 G′23 − G”23
G′
12
− G”12 G′11 − G”11 G′13 − G”13
G′
32
− G”32 G′31 − G”31 G′33 − G”33
 (2.9)
P13GP
−1
13 =

G′
33
− G”33 G′32 − G”32 G′31 − G”31
G′
23
− G”23 G′22 − G”22 G′21 − G”21
G′
13
− G”13 G′12 − G”12 G′11 − G”11
 (2.10)
(2) Under the cyclic permutation:
G123
C231
G231 =

G′
22
− G”22 G′23 − G”23 G′21 − G”21
G′
32
− G”32 G′33 − G”33 G′31 − G”31
G′
12
− G”12 G′13 − G”13 G′11 − G”11
 (2.11)
G123
C312
G312 =

G′
33
− G”33 G′31 − G”31 G′32 − G”32
G′
13
− G”13 G′11 − G”11 G′12 − G”12
G′
23
− G”23 G′21 − G”21 G′22 − G”22
 (2.12)
(1)
Because we assume the Lagrangian density is S3-invariant,
comparing the elements of the transformed matrices with the
initial matrix, we find that
G′11 = G
′
22 = G
′
33
G′12 = G
′
21 = G
′
23 = G
′
32 = G
′
31 = G
′
13 (2.13)
H′11 = H
′
22 = H
′
33
H′12 = H
′
21 = H
′
23 = H
′
32 = H
′
31 = H
′
13 (2.14)
and
G”ii = 0, H”ii = 0 (2.15)
G”21 = G”32 = G”13 = −G”23 = −G”31 = −G”12
H”21 = H”32 = H”13 = −H”23 = −H”31 = −H”12 (2.16)
which implies
gii = a, hii = a
′ (2.17)
gi j = b, hi j = b
′ (2.18)
g′ii = 0, h
′
ii = 0, i, j = 1, 2, 3, i f i , j (2.19)
g′21 = g
′
32 = g
′
13 = −g′12 = −g′23 = −g′31 = c (2.20)
h′21 = h
′
32 = h
′
13 = −h′12 = −h′23 = −h′31 = c′ (2.21)
The matrices G and H then become
G =

aΦ1 bΦ1 − cΦ2 bΦ1 + cΦ2
bΦ1 + cΦ2 aΦ1 bΦ1 − cΦ2
bΦ1 − cΦ2 bΦ1 + cΦ2 aΦ1
 , (2.22)
H =

a′Φ˜1 b′Φ˜1 − c′Φ˜2 b′Φ˜1 + c′Φ˜2
b′Φ˜1 + c′Φ˜2 a′Φ˜1 b′Φ˜1 − c′Φ˜2
b′Φ˜1 − c′Φ˜2 b′Φ˜1 + c′Φ˜2 a′Φ˜1
 (2.23)
We obtain the mass matrices by substituting the vacuum
expectation values of Φ1 and Φ2 into G and H. We use the
Hermitian basis [6] and let A = a < Φ0
1
>, A′ = a′ < Φ0
1
>
, B = b < Φ0
1
>, B′ = b′ < Φ0
1
>, C = c < Φ0
2
> and
C′ =< Φ0
2
>. Then under the Hermitian basis, we have
A = a < Φ01 >= a < Φ
0
1 >
∗,
B − C = b < Φ01 > −c < Φ02 >= b < Φ01 >∗ +c < Φ02 >∗
A′ = a′ < Φ01 >= a
′ < Φ01 >
∗, (2.24)
B′ − C′ = b′ < Φ01 > −c′ < Φ02 >= b′ < Φ01 >∗ +c′ < Φ02 >∗(2)
From (2.24), we easily see that A, A’, B and B’ are real and
C = iD, C′ = iD′ are purely imaginary. We write the mass
matrices Mu and Md as follows.
Md =

A B − iD B + iD
B + iD A B − iD
B − iD B = iD A
 , (2.25)
Mu =

A′ B′ − iD′ B′ + iD′
B′ + iD′ A′ B′ − iD′
B′ − iD′ B′ + iD′ A′
 (2.26)
Because A, A’, B, B’, a, a’, b, b’, c and c’ are all real,
the vacuum expectation value of Φ1 must be real as required
in Appendix A. Conversely, because C and C’ are purely
imaginary, the vacuum expectation value of Φ2 must be
imaginary. That is, the phase angle (difference) θ can be only
π/2 or −π/2.
We also note that, if bothΦk are totally symmetric under S3
then the mass spectrum is degenerate. If both Φk are totally
antisymmetric under S3, there are negative eigenvalues in the
mass spectrum. As both events are contrary to nature, we
abandon these two cases in this article.
3III. MASS SPECTRA AND THE WEAK MIXING MATRIX
The mass matrices are diagonalized with unitary transfor-
mations Uu and Ud
UuMuU
−1
u = diag.(mu, mc, mt),
Ud MdU
−1
d = diag.(md, ms, mb) (3.1)
The eigenvalues of Mu and Md are solved and identified as
md = A − B −
√
3D, ms = A − B +
√
3D, mb = A + 2B, (3.2)
mu = A
′ − B′ −
√
3D′, mc = A′ − B′ +
√
3D′, mt = A′ + 2B′.(3.3)
It seems reasonable to assume that the relative strength
between the coupling of Φ1 with the up-type quarks is the
same as that with the down-type quarks.
Under this assumption we have
a′ : b′ = a : b (3.4)
We then assign a proportionality factor L to this relation
a′/a = b′/b = L (3.5)
With this assignment, the parameters A, B, A’ and B’ in Md
and Mu have the same relation
A′/A = B′/B = L (3.6)
From expressions (3.2) (3.3) and (3.6) we obtain the fol-
lowing relation
mt/mb = (mu + mc)/(md + ms) (3.7)
We use the current quark masses which were renormal-
ized at 1 Gev [7]: Md = 0.0089Gev, ms = 0.175Gev,
mb = 5.3Gev, mu = 0.0051Gev and mC = 1.35Gev. Then
L =7.36868.
The mass of top quark is predicted to be
mt = 39.1GeV (3.8)
and the parameters are calculated to be: A = 1.82796 Gev, B
= 1.73602 Gev, D = 0.04795 Gev, A’-B’ = 0.67755 Gev, D’
= 0.38824 Gev, A’= A × L = 13.46965 Gev, B’= B × L =
12.79218 Gev.
The transformation matrices Uu and Ud are found to have
the same form and are independent of the parameters
Ud = Uu =

1/
√
3 (−1 − i
√
3/2
√
3 (−1 + i
√
3/2
√
3
1/
√
3 (−1 + i
√
3/2
√
3 (−1 − i
√
3/2
√
3
1/
√
3 1/
√
3 1/
√
3
 (3.9)
Thus the weak mixing matrix defined by
V = Uu · U−1d (3.10)
is a 3 × 3 identity matrix. That is, no CP-violation phase and
mixing angles appear in this model.
In most of the two Higgs doublet models, there exist
flavor-changing neutral current problems. In these models,
the different parts of the mass matrices correspond sepa-
rately(respectively) to Φ1 and Φ2 could not be diagnoalized
simultaneously. When the quarks are transformed to the mass
eigenstates, the coupling constant matrices of Φ1 and Φ2 are
not diagonalized separately(respectively). The off-diagonal
parts prevent the flavor-changing neutral currents from
vanishing but it is well known that the F.C.N.C. should be
highly suppressed.
In our model, there exists no F.C.N.C. problem. Those
coupling constant matrices we have obtained can all be
diagonalized by the same transformation matrix (3.9). There-
fore the flavor-changing neutral currents vanish automatically.
We also note that the current quark masses we use here
have been renormalized at 1 Gev. The results we state
above should be corrected when they are renormalized at the
scale mW . As for the W and Z
0 masses in this model, we
have only to replace the < Φ0 > in the standard model by√
< Φ0
1
>2 + < Φ0
2
>2. With this replacement the W and Z0
masses are still the same as those in the standard model at the
tree level.
IV. HIGGS DOUBLETS UNDER Γ3 REPRESENTATIONS
There are only three irreducible representations: Γ1, Γ2
and Γ3 in S3 group. Γ1 and Γ2 are one-dimensional totally
symmetric and antisymmetric representations, whereas Γ3
is two-dimensional. In sections (2) and (3), the two Higgs
doublets are assumed to transform as Γ1 and Γ2 respectively,
whereas the quark fields with three generations transform as
the three-dimensional representation Γ6. The Γ6 represen-
tation is reducible and can be decomposed as Γ6 = Γ1 ⊕ Γ3.
The representation Γ6(R) with elements R = E, A, B, C, D
and F are denoted as Γ6(E) = 1, Γ6(A) = P23, Γ
6(B) = P13,
Γ
6(C) = P12, Γ
6(D) = C231, Γ
6(F) = C312, in which Pi j is the
transposition and Ci jk is the cyclic permutation.
For example
Γ
6(A)q′dR =

1 0 0
0 0 1
0 1 0


d′
s′
b′

R
=

d′
b′
s′

R
= P23q
′
dR (4.1)
as both q¯′ and q′ transform as Γ6. The q¯′q′ parts in Lint trans-
form as the product representation Γ6⊗Γ6, which decomposes
to
Γ
6 ⊗ Γ6 = (Γ1 ⊕ Γ3) ⊗ (Γ1 ⊕ Γ3) = 2Γ1 ⊕ Γ2 ⊕ 3Γ3 (4.2)
in which we have used
Γ
1 ⊗ Γ3 = Γ3 ⊗ Γ1 = Γ3
Γ
3 ⊗ Γ3 = Γ1 ⊕ Γ2 ⊕ Γ3 (4.3)
We find that
∑3
i q¯
′
iq
′
i
and
∑3
i, j q¯
′
iq
′
j
transform as Γ1 and∑3
i, j,k ǫi jkq¯
′
iq
′
j
transform as Γ2. Under the classifications in the
4previous sections, Lint is written (as)
Lint = aΦ1
3∑
i=1
¯q′
idL
q′idR + bΦ1
3∑
i, j
¯q′
idL
q′jdR + cΦ2
∑
i, j,k
ǫi jk ¯q
′
idL
q′jdR/3
+ a′Φ1
3∑
i=1
¯q′
iuL
q′iuR + b
′
Φ1
∑
ineq j
¯q′
iuL
q′juR
+ c′Φ2
∑
i, j,k
ǫi jk ¯q
′
iuL
q′juR/3 + H.C. (4.4)
Therefore the coupling constants a, b, a’ and b’ correspond
to the totally symmetric coupling and c, c’ correspond to
the totally antisymmetric. From the above analysis, we find
that there is another possible classification for the two Higgs
doublets, in which they transform according to the Γ3. In the
following, we are going to study this classification.
Now we assume that
(
Φ1
Φ2
)
transforms as Γ3. In order to
construct S3 invariant Lagrangian, we should first extract the
Γ
3 part in the product representation Γ6 ⊗ Γ6. Then extract the
singlet Γ1 from Γ3 ⊗ Γ3
For the Γ3 from Γ1 ⊗ Γ3, q¯′
L
is totally symmetric and takes
the form (q¯′
1
+ q¯′
2
+ q¯′
3
)L while q
′
R
is a doublet whose elements
are linear combination of q′
1R
, q′
2R
and q′
3R
. After some calcu-
lations, we find the doublet takes the form
q¯′
R
= (−2q¯′
1
+ q¯′
2
+ q¯′
3
, −
√
3q¯′
2
+
√
3q¯′
3
) = (A, B) (4.5)
The Γ3 from Γ3⊗Γ1 is similar. The only difference between
them is that the left (right)-handed quark fields form doublets
(singlets) here.
The corresponding S3 invariant Lagrangian densities can be
written as
L1x3 = (q¯′
1
+ q¯′
2
+ q¯′
3
)Lq
′
dR
(
1 0
0 1
) (
Φ1
Φ2
)
g1 + (q¯
′
1
+ q¯′
2
+ q¯′
3
)Lq
′
uR
(
1 0
0 1
) (
Φ˜1
Φ˜2
)
h1 + H.C.
= (q¯′
1
, q¯′
2
, q¯′
3
)L

−2g1Φ1 g1Φ1 −
√
3g1Φ2 g1Φ1 +
√
3g1Φ2
−2g1Φ1 g1Φ1 −
√
3g1Φ2 g1Φ1 +
√
3g1Φ2
−2g1Φ1 g1Φ1 −
√
3g1Φ2 g1Φ1 +
√
3g1Φ2


d′
s′
b′

R
+ (q¯′
1
, q¯′
2
, q¯′
3
)L

−2h1Φ˜1 h1Φ˜1 −
√
3h1Φ˜2 h1Φ˜1 +
√
3h1Φ˜2
−2h1Φ˜1 h1Φ˜1 −
√
3h1Φ˜2 h1Φ˜1 +
√
3h1Φ˜2
−2h1Φ˜1 h1Φ˜1 −
√
3h1Φ˜2 h1Φ˜1 +
√
3h1Φ˜2


u′
c′
t′

R
+ H.C. (4.6)
L3x1 = q¯′
L
(q′1 + q
′
2 + q
′
3)dR
(
1 0
0 1
) (
Φ1
Φ2
)
g2 + q¯
′
L
(q′1 + q
′
2 + q
′
3)uR
(
1 0
0 1
) (
Φ˜1
Φ˜2
)
h2 + H.C.
= (q¯′
1
, q¯′
2
, q¯′
3
)L

−2g2Φ1 −2g2Φ1 −2g2Φ1
g2Φ1 −
√
3g2Φ2 g2Φ1 −
√
3g2Φ2 g2Φ1 −
√
3g2Φ2
g2Φ1 +
√
3g2Φ2 g2Φ1 +
√
3g2Φ2 g2Φ1 +
√
3g2Φ2


d′
s′
b′

R
+ (q¯′
1
, q¯′
2
, q¯′
3
)L

−2h2Φ˜1 −2h2Φ˜1 −2h2Φ˜1
h2Φ˜1 −
√
3h2Φ˜2 h2Φ˜1 −
√
3h2Φ˜2 h2Φ˜1 −
√
3h2Φ˜2
h2Φ˜1 +
√
3h2Φ˜2 h2Φ˜1 +
√
3h2Φ˜2 h2Φ˜1 +
√
3h2Φ˜2


u′
c′
t′

R
+ H.C. (4.7)
Now we consider the Γ3 from Γ3 ⊗ Γ3. Let
(
A
B
)
and
(
A¯
B¯
)
be two S3 doulets. It can be shown that
(
A¯A − B¯B
−A¯B − B¯A
)
is also
an S3 doublet. Therefore we have
L3x3 = (q¯′
1
, q¯′
2
, q¯′
3
)L

4g3Φ1 −2g3Φ1 − 2
√
3g3Φ2 −2g3Φ1 + 2
√
3g3Φ2
−2g3Φ1 − 2
√
3g3Φ2 −2g3Φ1 + 2
√
3g3Φ2 4g3Φ1
−2g3Φ1 + 2
√
3g3Φ2 4g3Φ1 −2g3Φ1 − 2
√
3g3Φ2


d′
s′
b′

R
+ (q¯′
1
, q¯′
2
, q¯′
3
)L

4h3Φ˜1 −2h3Φ˜1 − 2
√
3h3Φ˜2 −2h3Φ˜1 + 2
√
3h3Φ˜2
−2h3Φ˜1 − 2
√
3h3Φ˜2 −2h3Φ˜1 + 2
√
3h3Φ˜2 4h3Φ˜1
−2h3Φ˜1 + 2
√
3h3Φ˜2 4h3Φ˜1 −2h3Φ˜1 − 2
√
3h3Φ˜2


u′
c′
t′
 + H.C. (4.8)
The total Lagrangian density is
Lint = L
1x3
+ L3x1 + L3x3 (4.9)
From the expressions for L1x3, L3x1 and L3x3 we find that
5they are all traceless. This result implies that the mass matri-
ces are also traceless. Therefore the sum of the quark masses
is zero, meaning that at least one of the quark masses is
negative or all masses are zero, contrary to nature. Therefore
the classification in which the two Higgs-doublets form an S3
doublet and the quark fields belong to the three-dimensional
representation Γ3 is eliminated and should be modified.
V. CONCLUSIONS AND DISCCUSIONS
In this article, we have considered the two Higgs-doublet
extension of the standard electroweak model and impose the
permutation S3 symmetry on the Higgs sector. We find that
when we classify the quark fields to Γ6, one Higgs doublet to
Γ
1 and the other Higgs doublet to Γ2, we obtain a reasonable
relation among the quark masses which predicts the mass of
the top quark to be 39 Gev at 1 Gev renormalization scale.
We also find that according to this classification the flavour-
changing neutral currents vanish automatically, although each
type of quark is coupled to both Higgs doublets. Unfortu-
nately, in the above classification no generation mixing and
CP-violating phase show up. If we classify the two Higgs
doublets to Γ3, good results are not obtained. These effects
suggest that in order to derive reasonable quark mass spectra
and the weak mixing matrix, we ought either to consider more
Higgs doublets or to classify the right-handed quarks differ-
ently from the lefthanded one, if we insist on the symmetry
SU(2) x U(1) x S3 and the spontaneous breaking of S3.
Appendix A: THE VACUUM EXPECTATION VALUES OF
THE TWO HIGGS DOUBLETS
We denote the Higgs doublets as
Φ1 =
(
Φ
+
1
Φ
0
1
)
, Φ2 =
(
Φ
+
2
Φ
0
2
)
(A1)
Then the most general potential invariant under SU(2) x U(
1) is
V(Φ) = −λ1Φ†1Φ1 − λ2Φ†2Φ2 + A(Φ†1Φ1)2
+ B(Φ
†
2
Φ2)
2
+ C(Φ
†
1
Φ1)(Φ
†
2
Φ2) + D(Φ
†
1
Φ2)(Φ
†
2
Φ1)
+ [(Φ
†
1
Φ2)(EΦ
†
1
Φ2 + FΦ
†
1
Φ1 +GΦ
†
2
Φ2) + H.C.]/2(A2)
We choose the vacuum expectation values as
< Φ1 >=
(
σ
ρ1
)
/
√
2, < Φ2 >=
(
0
ρ2
)
eiθ/
√
2 (A3)
in which ρ1, ρ2, σ, θ are real number and ρ1, ρ2, σ > 0. We
substitute < Φ1 > and < Φ2 > into V(Φ)
V(Φ) = −λ1(σ2 + ρ21)/2 − λ2ρ22/2 + [A(σ2 + ρ21)2
+ Bρ42 +Cρ
2
2(σ
2
+ ρ21) + (D − E)ρ21ρ22]/4
+ Eρ21ρ
2
2[(cosθ − ∆)2 − ∆]/2 (A4)
in which
∆ = − [F(ρ
2
1
+ σ2) +Gρ2
2
]
4Eρ1ρ2
(A5)
We take cosθ, ρ2
1
, ρ2
2
andσ2 as four independent parameters.
The minimum conditions are
∂V/∂(ρ21) = −
λ1
2
+ A(σ2 + ρ21)/2 +Cρ
2
2/4 + (D − E)ρ22/4 −
F[Gρ2
2
+ F(σ2 + ρ2
1
)]
16E
= 0 (A6)
∂V/∂(ρ22) = −
λ2
2
+ Bρ22/2 +C(ρ
2
1 + σ
2)/4 + (D − E)ρ21/4 −
G[Gρ2
2
+ F(σ2 + ρ2
1
)]
16E
= 0 (A7)
∂V/∂(σ2) = −λ1
2
+ Bρ22/2 +C(ρ
2
1 + σ
2)/4 − F[Gρ22 + F(σ2 + ρ21)]/16E = 0 (A8)
∂V/∂(cosθ) = Eρ21ρ
2
2(cosθ − ∆) = 0 (A9)
∂2V/∂(σ2)2 = Eρ21ρ
2
2 > 0 (A10)
This result implies
cosθ = A, (A11)
E > 0 (A12)
and
∂V
∂(σ2)
=
∂V
∂(ρ2
1
)
+
(E − D)ρ2
2
4
(A13)
Case(1): (E-D) > 0
If ∂V/∂ρ2
1
= 0, ∂V/∂σ2 = (E − D)ρ2
2
/4 < 0 and V increases
as |σ2| increases. So the minimum occurs at σ2 = 0.
If ∂V/∂σ2 = 0, ∂V/∂ρ2
1
= (D−E)ρ2
2
/4 > 0 and V decreases
as ρ2
1
increases. Thence V has no minimum in this case. That
is, ∂V/∂(σ2) cannot vanish in this case.
Case(2): (E-D) < 0
If ∂V/∂σ2 = 0, ∂V/∂(ρ2
1
) > 0, and the minimum occurs at
ρ2
1
= 0. If ∂V/∂ρ2
1
= 0, ∂V/∂σ2 < 0, and no minimum occurs.
This result means that in this case ∂V/∂ρ2
1
cannot vanish and
that we should take ρ2
1
= 0 for minimum V.
6Case(3): (E-D)=0
If (E - D) = 0, ∂V/∂ρ2
1
= ∂V/∂σ2 = 0. Minima exist for
both ρ2
1
and σ2. This result implies that both ρ1 and σ cannot
vanish for minimum V.
From the above discussion, we summarize as follows:
(1) I f (E − D) > 0, < Φ1 >=
(
0
ρ1
)
/
√
2 (A14)
(2) I f (E − D) < 0, < Φ1 >=
(
σ
0
)
/
√
2 (A15)
(3) I f (E − D) = 0, < Φ1 >=
(
σ
ρ1
)
/
√
2 (A16)
In this report, we choose the first case, that is, E > D and
< Φ1 >=
(
0
ρ1
)
/
√
2, < Φ2 >=
(
0
ρ2
)
eiθ/
√
2. (A17)
When we require the potential term V to be S3-invariant,
there are two cases to denote the change of V.
Case (1): Φ1 is totally symmetric and Φ2 is totally anti-
symmetric.
In this case
V(Φ) = −λ1(Φ†1Φ1) − λ2(Φ†2Φ2) + A(Φ†1Φ1)2 + B(Φ†2Φ2)2 + C(Φ†1Φ1)(Φ†2Φ2) + D(Φ†1Φ2)(Φ†2Φ1)
+ [(Φ
†
1
Φ2)(EΦ
†
1
Φ2 + FΦ
†
1
Φ1 +GΦ
†
2
Φ2) + H.C.]/2
= S 3VS
−1
3
= −λ1(Φ†1Φ1) − λ2(Φ†2Φ2) + A(Φ†1Φ1)2 + B(Φ†2Φ2)2 + C(Φ†1Φ1)(Φ†2Φ2) + D(Φ†1Φ2)(Φ†2Φ1)
+ [(Φ
†
1
Φ2)(EΦ
†
1
Φ2 − FΦ†1Φ1 − GΦ†2Φ2) + H.C.]/2 (A18)
We obtain
FΦ
†
1
Φ1 +GΦ
†
2
Φ2 + H.C. = −FΦ†1Φ1 − GΦ†2Φ2 − H.C.(A19)
implying that F=G=0.
When we substitute this result into (A5), we find cosθ = 0.
This implies that θ must be π/2 or −π/2. It agrees with the
result in section 3. Furthermore, the results (A14) (A15) and
(A16) are unchanged by this assumption.
Case(2): Φ1 and Φ2 construct a doublet
(
Φ1
Φ2
)
of S3.
In this case
V =
−λ
2
(Φ
†
1
, Φ
†
2
)
(
Φ1
Φ2
)
− µ
4
[(Φ
†
1
, Φ
†
2
)
(
Φ1
Φ2
)
]2 =
−λ
2
(Φ
†
1
Φ1 + Φ
†
2
Φ2) −
µ
4
[(Φ
†
1
Φ1)
2
+ (Φ
†
2
Φ2)
2
+ 2(Φ
†
1
Φ1)(Φ
†
2
Φ2)] (A20)
When we compare this potential with the most general
form of V in (A4) we find that λ = λ1 = λ2, µ = A = B = C/2
and D = E = F = G = 0.
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